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For the complex differential equation
f (n) + An−1(z) f (n−1) + · · · + A1(z) f ′ + A0(z) f = 0
with analytic coeﬃcients A j in the unit disk, our contribution is to build up a relationship
between the coeﬃcients and solutions of the equation. We provide conditions for
coeﬃcients A j such that all solutions of the equation belong to the Q K spaces.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let D be the unit disk in the complex plane C. Denote by H(D) the class of functions analytic in D. The Green function
in the unit disk D with singularity at a ∈ D is given by g(a, z) = log(1/|ϕa(z)|), where ϕa(z) = (a− z)/(1− a¯z) is the Möbius
transformation of D. For 0 < p < ∞, the Q p is the space of all functions f ∈ H(D) for which




∣∣ f ′(z)∣∣2(g(a, z))p dσ(z) < ∞,
where dσ is an area measure on D normalized such that σ(D) = 1; see [2,3]. For all p > 1, the space Q p is same and equal
to the Bloch space B, consisting of analytic functions f on D such that
‖ f ‖B = sup
z∈D
∣∣ f ′(z)∣∣(1− |z|2)< ∞.




∣∣ f ′(z)∣∣(1− |z|2)α < ∞.
Obviously, Bα BBβ for 0 < α < 1 < β < ∞.
For a nondecreasing function K : [0,∞) → [0,∞), the Q K space consists of analytic functions in D for which




∣∣ f ′(z)∣∣2K (g(a, z))dσ(z) < ∞.
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∣∣ f ′(z)∣∣2K (1− ∣∣ϕa(z)∣∣2)dσ(z) < ∞.
We invite the reader to see [8,9,23–26] for some properties of the Q K spaces.
For a subarc I ⊂ ∂D, the boundary of D, let
S(I) = {rζ ∈ D: 1− |I| < r < 1, ζ ∈ I}.











Here and henceforward supI⊂∂D means the supremum taken over all subarcs I of ∂D.
For 0 < α < ∞, the H∞α space consists of those functions f , analytic in D, for which
‖ f ‖H∞α = sup
z∈D
∣∣ f (z)∣∣(1− |z|2)α < ∞.
Proposition 7 in [27] gives that Bα+1 = H∞α for α > 0. Since Q K ⊂B [23], we obtain that Q K  H∞α for 0 < α < ∞.
A function f ∈ H(D) is said to belong to D , the Dirichlet space, if
∫
D
∣∣ f ′(z)∣∣2 dσ(z) < ∞.
It is easy to see that D ⊂⋂0<p<∞ Q p .
For 0 < p ∞, the Hardy space Hp consists of those functions f , analytic in D, for which







∣∣ f (reiθ )∣∣p dθ
) 1
p
, 0 < p < ∞,
‖ f ‖H∞ = sup
z∈D
∣∣ f (z)∣∣, p = ∞.





1− ρ(z,w) , z,w ∈ D,
where
ρ(z,w) = ∣∣ϕz(w)∣∣=
∣∣∣∣ z − w1− z¯w
∣∣∣∣.
For any z ∈ D and r > 0, the hyperbolic disk with center z and radius r is deﬁned by
D(z, r) = {w ∈ D: β(z,w) < r}.
The growth of solutions of the linear differential equation
f (n) + An−1(z) f (n−1) + · · · + A1(z) f ′ + A0(z) f = 0 (1.1)
with coeﬃcients A j in the unit disc has attracted a lot of attention. See [4–7,10,12,13,15,17–19].
Ch. Pommerenke [20] studied the second-order equation
f ′′ + A(z) f = 0, (1.2)
where A(z) is an analytic function in D. He found suﬃcient conditions on the coeﬃcient function A(z) such that all solu-
tions of (1.2) are in H2.





∣∣A(z)∣∣2(1− |z|2)3 1− |a|2|1− a¯z|2 dσ(z) α, (1.3)
then all solutions of (1.2) belong to the Hardy space H2 .











∣∣A(reit)∣∣2(1− r)3 dt dr  β, (1.4)
then all solutions of (1.2) belong to the Hardy space H2 .
For the case of Q p space, Heittokangas [11] gave the following result.




In the same paper [11] Heittokangas considered the following equation
f (n) + A(z) f = 0, (1.5)
where A(z) is analytic in D, and gave
Theorem D. If the analytic coeﬃcient A(z) of (1.5) satisﬁes∣∣A(z)∣∣(1− |z|)n  α
for all z ∈ D, then all solutions of (1.5) belong to H∞q , where q = α/(n − 1)!.
Heittokangas, Korhonen and Rättyä [14] generalized Theorem D to the linear differential equation (1.1) and proved the
following theorem.
Theorem E. For every q > 0 there exists a constant α = α(q,n) > 0 such that if the coeﬃcients A j(z) of (1.1) satisfy
‖A j‖H∞n− j = sup
z∈D
∣∣A j(z)∣∣(1− |z|2)n− j  α, j = 0, . . . ,n − 1,
then all solutions of (1.1) belong to H∞q .
In this paper, the letter C denotes a positive constant throughout the paper which may vary at each occurrence.
2. Results
Our attention now is to build up a relationship between the coeﬃcients and solutions of (1.1). We provide conditions for
coeﬃcients of (1.1) such that all solutions of (1.1) belong to Q K spaces. Deﬁne a useful auxiliary function as follows
ϕK (s) = sup
0t1
K (st)/K (t), 0 < s < ∞.





ds < ∞. (2.1)
There exists a constant α = α(n, c, K ) > 0 such that if the coeﬃcients A j of (1.1) satisfy
‖A j‖H∞n− j = sup
∣∣A j(z)∣∣(1− |z|2)n− j  α, j = 1, . . . ,n − 1, (2.2)z∈D
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‖A0‖H∞n−c = sup
z∈D
∣∣A0(z)∣∣(1− |z|2)n−c  α, (2.3)
then all solutions of (1.1) belong to the Q K space.
The following example shows that all solutions of (1.1) belong to Q K space when the coeﬃcients satisfy the conditions
(2.2) and (2.3).
Example 2.2. Consider the equation
f ′′ + a1
(1− z)1−c f
′ + a0
(1− z)2−c f = 0, (2.4)
where 1 < c < 3/2, a0, a1 ∈ R and |a0| + |a1| 1/2.
Following the method used in the proof of Theorem 3.2.1 in [11] and using the Taylor expansion, we have
a1






d0 = 1, dn = (1− c)(2− c)(3− c) · · · (n − c)
n! , n 1,
and
a0






e0 = 1, en = (2− c)(3− c) · · · (n + 1− c)
n! , n 1.






n, bn ∈ C,
be a formal solution of (2.4). Then
0 = f ′′ + a1
(1− z)1−c f
′ + a0










(n + 1)d0bn+1 + nd1bn + (n − 1)d2bn−1 + · · · + (n − i + 1)dibn−i+1 + · · · + 3dn−2b3 + 2dn−1b2 + dnb1
}
+ a0(e0bn + e1bn−1 + · · · + enb0).
Hence (2.5) holds if and only if
bn = − 1
n(n − 1) sn−2 (2.6)
for all n = 2,3,4, . . . .
We can ﬁnd a constant M > 0 such that |b0|  M , |b1|  M and that |bi |  M/(i1/2(i − 1)) for all i = 2,3, . . . ,n. Then
(2.6) yields the following
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{|e0bn−1| + |e1bn−2| + · · · + |en−2b1| + |en−1b0|}
:= I1 + I2. (2.7)






n1/2(n − 1) +
n − 1
(n − 1)1/2(n − 2) +
n − 2
2(n − 2)1/2(n − 3) + · · · +
n − i
i(n − i)1/2(n − i − 1)
+ · · · + 3
2 · 31/2(n − 3) +
2








n − 1 +
1
n − 2 +
1
2(n − 3) + · · · +
1
i(n − i − 1) + · · · +
1








n − 1 + 1
}
 2|a1|M
n(n + 1)1/2 . (2.8)






(n − 1)1/2(n − 2) +
1
(n − 2)1/2(n − 3) + · · · +
1






(n − 1)(n − 2) +
1
(n − 2)(n − 3) +
1









n(n + 1)1/2 . (2.9)
Consequently, by (2.7), (2.8) and (2.9), we get
|bn+1| 2(|a0| + |a1|)M
n(n + 1)1/2 
M
n(n + 1)1/2 .
Therefore, |bn| M/(n1/2(n − 1)) holds for all n  1, and so ∑∞n=0 bnzn is absolutely convergent on D. Hence f is analytic
in D and f ∈D since ∑∞n=1 n|bn|2 < ∞. So f ∈ Q K .
Next, we show that the conditions (2.2) and (2.3) cannot be weakened to be the assumption in Theorem E.
We note that the equation
f ′′ − a1
1− z f
′ − a0
(1− z)2 f = 0, a0 > 0, (2.10)
is a special case of Example 3.4 in [14] and all coeﬃcients of (2.10) satisfy the assumption of Theorem E appearing in
Section 1. It means that all solutions of (2.10) belong to H∞q for appropriate a0 and a1. However, one of the solutions of
(2.10)
f (z) = (1− z) 12 (−a1+1−
√
(a1−1)2+4a0 ) /∈B,
so f does not belong to Q K . Thus, f (z) ∈ H∞q \Q K .
Corollary 2.3. Let 1 < c < 3/2, 0 < p < 2(c−1), and let K (s) = sp . There exists a constantα = α(n, c) > 0 such that if the coeﬃcients
of (1.1) satisfy (2.2) and (2.3), then all solutions of (1.1) belong to Q p space.
By reviewing Example 2.2 we can ﬁnd that Theorem 3.2.1 in [11] can be improved as follows.
Theorem 2.4. Let A(z) =∑∞n=0 anzn, an ∈ C, be the analytic coeﬃcient of (1.2) in D with |an| 1 for all n. Then all solutions of (1.2)
belong to the Dirichlet spaceD .
H. Li, H. Wulan / J. Math. Anal. Appl. 375 (2011) 478–489 483Corresponding to Corollary 3.2.3 in [11] we give the next result.





∣∣A(reiθ )∣∣dθ  1, 0 r < 1.
Then all solutions of (1.2) belong to the Dirichlet spaceD .
For other constraint on K we are able to state a different result comparing to Theorem 2.1.





ds < ∞. (2.11)
There exists a constant β = β(n, K ) > 0 such that if the coeﬃcients of (1.1) satisfy
‖A j‖H∞n− j = sup
z∈D




∣∣A0(z)∣∣(1− |z|2)n−1  β, (2.13)
then all solutions of (1.1) belong to Q K space.
Remark. Theorems 2.1 and 2.6 in this paper describe the relation between all solutions of (1.1) and Q K spaces with the
conditions (2.1) and (2.11) respectively. We should mention that the conditions (2.1) and (2.11) are independent of each
other; see [9]. Moreover, the condition (2.13) in Theorem 2.6 is weaker than (2.3) in Theorem 2.1.
Example 2.7. Consider the equation
f ′′ + a1 f ′ + a0
1− z f = 0, (2.14)
where a0,a1 ∈ R and |a0|+ |a1| 1/2. Using the same arguments in Example 2.2 it shows that all solutions of (2.14) belong
to the Dirichlet space D and hence belong to Q K space.
3. Proofs
The main idea used in proving Theorems 2.1 and 2.6 is reminiscent of the one used by Pommerenke [20] for Eq. (1.2),
generalized by Heittokangas, Korhonen and Rättyä [14] and Rättyä [21] for Eq. (1.1). The following lemma plays a key in the
proofs in this section.
Lemma F. (See [26].) Suppose K satisﬁes (2.1) for some 1 < c < 3/2 or (2.11). Then for any positive integer n and any analytic function





∣∣ f (n)(z)∣∣2(1− |z|2)2n−2K (1− ∣∣ϕa(z)∣∣2)dσ(z) < ∞.
Remark. Note that by the proofs in [26] the Q K norm and the area integral in Lemma F are comparable; that is, there exists
a constant C > 0, independent of f , such that




∣∣ f (n)(z)∣∣2(1− |z|2)2n−2K (1− ∣∣ϕa(z)∣∣2)dσ(z) C‖ f ‖2Q K .
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A j(ρz), where 1/2 ρ < 1. Then∫
D








n− j f ( j)ρ (z)
∣∣∣∣∣
2(
















∣∣ fρ(z)∣∣2(1− |z|2)2c−2K (1− ∣∣ϕa(z)∣∣2)dσ(z)
:= nα2( J1 + J2). (3.1)






∣∣ f ( j)ρ (z)∣∣2(1− |z|2)2 j−2K (1− ∣∣ϕa(z)∣∣2)dσ(z)
 (n − 1)‖ fρ‖2Q K . (3.2)




























By Lemmas 2.1.2 and 2.14 in [16], there exists a positive constant C such that
sup
{∣∣ fρ(z)∣∣2: z ∈ D(ai, r)} C|D(ai, r)|σ
∫
D(ai ,2r)
∣∣ fρ(w)∣∣2 dσ(w), (3.3)















































∫ ∣∣ fρ(w)∣∣2K (1− |w|2)dσ(w).
D(ai ,r) D(ai ,2r)



















∣∣ fρ(w)∣∣2K (1− |w|2)dσ(w).





|1− a¯reiθ |4−4α dθ  C
(
1− |a|)2α−1, 1/2 α < 3/4,



















∣∣ fρ(w)∣∣2K (1− |w|2)dσ(w).
Lemma 7 in [24] gives the following estimate∫
D
∣∣ f (z)∣∣2K(log 1|z|
)
dσ(z) C
(∣∣ f (0)∣∣2 + ∫
D






























∣∣ f ′ρ(w)∣∣2K (1− |w|2)dσ(w) + ∣∣ f (0)∣∣2
)
.
It is easy to see by Lemma F that
J2  C
(‖ fρ‖2Q K + ∣∣ f (0)∣∣2). (3.5)
Combining (3.1) and the estimates for J1, J2, we have(
1− (n − 1+ C)nα2)‖ fρ‖2Q K  nα2C ∣∣ f (0)∣∣2, (3.6)
where the constant C depends only on n and the function K . The conclusion f ∈ Q K follows by choosing α suﬃciently
small and letting ρ → 1−. The proof is complete.
Proof of Theorem 2.4. We can ﬁnd a positive integer N0 suﬃciently large such that (ln(n − 2))/n1/4  1 and






be a non-trivial solution of (1.2). Then








sn = a0bn + a1bn−1 + · · · + anb0.
Therefore, (1.2) holds if and only if
bn = − 1
(n − 1)n sn−2 (3.7)
for all n = 2,3,4, . . . . Choose a ﬁnite constant M > 0 such that |b0|  M , |b1|  M and |bi |  M/(i(i − 1)1/2) for all i =
2,3, . . . ,N0 − 1, and that |bi | M/(i(i − 1)1/2) for all i = N0,N0 + 1, . . . ,n. Then it follows from (3.7) that
|bn+1| = 1
n(n + 1) |sn−1|
1
n(n + 1)

































+ · · · + 1





+ · · · + 1
n + 1










n1/2(n + 1) .
Thus, |bn| M/(n(n − 1)1/2) holds for all n, and so ∑∞n=0 bnzn is absolutely convergent on D, hence f is analytic in D. By
the deﬁnition of Dirichlet space the assertion follows. 
Proof of Theorem 2.6. Denote fρ(z) = f (ρz) and A j,ρ(z) = A j(ρz) for 1/2 ρ < 1. We have∫
D








n− j f ( j)ρ (z)
∣∣∣∣∣
2(












∣∣ f ( j)ρ (z)∣∣2(1− |z|2)2 j−2K (1− ∣∣ϕa(z)∣∣2)dσ(z) + nβ2
∫
D
∣∣ fρ(z)∣∣2K (1− ∣∣ϕa(z)∣∣2)dσ(z)







∣∣ f ( j)ρ (z)∣∣2(1− |z|2)2 j−2K (1− ∣∣ϕa(z)∣∣2)dσ(z)
 (n − 1)‖ fρ‖2 . (3.9)Q K
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∣∣ f (z)∣∣ ∣∣ f (0)∣∣+
|z|∫
0






















∣∣ f ′ρ(ζ )∣∣2 d|ζ |K (1− ∣∣ϕa(z)∣∣2)dσ(z).









1− |z|2)−2K (1− ∣∣ϕa(z)∣∣2)dσ(z) + 2∣∣ f (0)∣∣2




1− |z|2)−2K (1− ∣∣ϕa(z)∣∣2)dσ(z) + 2∣∣ f (0)∣∣2








(1− |z|2)2 dσ(z) + 2
∣∣ f (0)∣∣2.












∣∣ fρ(z)∣∣2K (1− ∣∣ϕa(z)∣∣2)dσ(z)




(1− |z|2)2 dσ(z) + C‖ fρ‖
2
Q K + 2
∣∣ f (0)∣∣2.




























For a Carleson box En we have






























































K ((1− |z|)/(2n|I|)) .








Therefore, by (2.11) and (3.11),∫
|ϕa(z)|1/e
(














T2  C‖ fρ‖2Q K + 2
∣∣ f (0)∣∣2, (3.12)
where C ∈ R+ is independent of f . Combining (3.8), (3.9) and (3.12), we see that(
1− n(n − 1+ C)β2)‖ fρ‖2Q K  2nβ2∣∣ f (0)∣∣2.
The assertion follows by choosing β suﬃciently small and letting ρ → 1−. 
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